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Abstract
Anomalous group velocity dispersion is a key parameter for generating bright soli-
tons, and thus wideband Kerr frequency combs. Extension of frequency combs to visible
wavelength in conventional photonic materials and structures has been a major chal-
lenge due to strong normal material dispersion at the relevant frequencies. Extension
of frequency combs toward the normal dispersion region is possible via dispersive waves
through soliton-induced Cherenkov radiation. However, this potentially powerful tech-
nique has not been used for extending frequency combs to the visible spectrum. In
this paper, we demonstrate a new microresonator structure formed by an over-etched
silicon nitride waveguide that enables the use of soliton-induced Cherenkov radiation
to extend the bandwidth of the Kerr-combs. Furthermore, we show that by careful
dispersion engineering in a coupled microring resonator structure we can optimize the
properties (e.g., wavelength, and amplitude) of the generated dispersive wave to fur-
ther extend the Kerr frequency combs to the visible spectrum while increasing the total
Kerr-comb bandwidth as well.
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1 Introduction
Optical Frequency combs, i.e., equidistant narrow-linewidth pulses in the frequency domain
with their ability to generate ultrashort pulses in time domain, are of great recent inter-
est for numerous applications including precise time and distance measurement,1–3 molecu-
lar fingerprint detection/sensing,4–6 astronomical ranging and spectroscopy,7–9 and optical
communications.10,11 Frequency combs can be generated either through mode locking in
lasers12,13 or through nonlinear Kerr effect in resonators.14–17 Kerr-combs are generated by
virtue of third-order nonlinearity of optical materials at the presence of strong optical field
enhancement in high finesse microresonators, which results in cascaded four-wave-mixing
(FWM) and broad comb signal generation. Kerr-comb generation in microresonators has
significant advantages over that using mode-locked laser including the possibility of on-chip
integration in CMOS-compatible platforms and the possibility of achieving broadband comb
signals. However, the generation of wideband Kerr-combs requires precise engineering of the
microresonator dispersion over the desired bandwidth.
Among different materials for generation of Kerr-combs, silicon nitride (SiN) is of great
interest due to its very low optical loss in a large bandwidth (covering visible, near-infrared
(NIR), and a good part of infrared (IR) wavelengths), ease of fabrication, and compatibility
with CMOS fabrication processes. Recent reports show the feasibility of generation of Kerr-
combs in SiN microresonators in IR.9,10,15,18,19 Several approaches have been proposed for
engineering the dispersion of SiN ring/nanowire resonators based on engineering waveguide
geometrical parameters (i.e., resonator height and width),20,21 deposition of thin confor-
mal dielectric layers with different refractive indices using atomic layer deposition (ALD),19
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taking advantage of mode crossing in coupled waveguide/slot waveguide structures (that
are bent to form ring resonators),22–29 and introducing the layered waveguide configura-
tion.21,30,31 More recently dispersive wave generation (also called soliton-induced Cherenkov
radiation) was proposed as another approach to enhance bandwidth.32,33 Despite impressing
recent progress in the generation of Kerr-combs, all reported results were in the IR spectrum,
and the generation of Kerr-combs in visible wavelengths is still a major challenge.
In this paper, we demonstrate a well-engineered SiN waveguide profile with its anoma-
lous dispersion shifted to shorter wavelengths to enable the generation of frequency combs
with spectral coverage from visible (around 700 nm) to NIR (around 1200 nm) wavelengths.
We further substantiate the enhancement of comb bandwidth and power transfer efficiency
toward visible wavelengths through the Cherenkov radiation process and demonstrate a
coupled-racetrack resonator architecture to engineer/adjust the Cherenkov radiation wave-
length to enable fine-tuning of the generated visible combs.
2 Dispersion engineering in over-etched waveguide
The proposed waveguide structure is shown in Fig. 1(a). The structure is composed of a
417 nm SiN film over silicon dioxide (SiO2). The ridge waveguide is formed by completely
etching SiN as well as a portion of SiO2 to reduce the leakage of optical field. The over-
etching of SiO2 (shown by the height hp in Fig. 1(a)) provides another degree of control
(in addition to the waveguide width w and SiN height hf , in Fig. 1(a)) for engineering of
the dispersion of the guided mode. This concept is similar to those used in multi-index
fibers31 and multi-edge ring resonators21,30 for dispersion engineering. Most of the previous
designs to achieve comb generation in SiN waveguides (at longer wavelengths) are based on
thick SiN films (e.g., 800 nm), which makes fabrication process more challenging due to the
effect of the built-up stress between the SiN film and the SiO2 substrate. Our proposed
configuration in Fig. 1(a) blue shifts anomalous dispersion to shorter wavelengths while
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avoiding requirement for thick SiN. Figure 1(b) shows the group velocity dispersion spectra
of the proposed waveguide structure for different over-etching depths (hp). It is clear from
Fig. 1(b) that the waveguide dispersion depicts stronger anomalous dispersion (larger |D|)
over a wider bandwidth by increasing the over-etched depth hp. The results in Fig. 1(b)
were calculated using the finite-element method (FEM) package in the Comsol Multiphysics
environment with modal analysis module.
Figure 1(b) suggests that over-etching the waveguide into SiO2 increases anomalous dis-
persion bandwidth. In addition, it shows that the spectral range of anomalous dispersion
extends with reducing the waveguide width. These observations can be explained by noting
that the over-etching of the SiN waveguide into the SiO2 substrate increases the distance
between the center of the field profile of the waveguide mode and the unetched SiO2 sub-
strate (see Fig. 1(a)) through the addition of the barrier caused by the SiO2 pedestal with
height hp. It is known that the use of an asymmetric waveguide results in a non-zero cut-off
frequency for the fundamental guided mode. In addition, the reduction of the waveguide
width results in a blue-shift in this cut-off frequency, and thus a blue-shift in the zero disper-
sion wavelength caused by stronger anomalous waveguide dispersion (which compensates the
normal material dispersion).21 The combination of these effects results in the extension of
the anomalous dispersion spectrum of the waveguide in Fig. 1(a) toward shorter wavelengths
by using a narrower waveguide (smaller w in Fig. 1(a)) with stronger over-etching (larger
hp in Fig. 1(a)).
It is obvious from Fig. 1(b) that a SiN waveguide with w = 800 nm, ht = 417 nm, and
hp = 150 nm demonstrates anomalous dispersion around 900 nm which is desirable as the
pumping wavelength in comb generation. For the rest of this paper, we use this waveguide
configuration unless otherwise stated. To observe the sensitivity of the dispersion properties
of the waveguide to variation of its geometrical parameters (e.g., caused by fabrication im-
perfection), Fig. 1(c) illustrates the variation of the dispersion parameter of the fundamental
TE guided mode of the proposed waveguide when its width (w) and SiN height (hf ) vary
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in a large range (±20 nm and ±15 nm, respectively). As seen in Fig. 1(c), the waveguide
dispersion does not change significantly, especially in the short wavelength region (e.g., 800-
1000 nm) despite the relatively large change in the waveguide parameters. The results in
Fig. 1(c) show a negligible 0.6% variation of the dispersion at λ = 900 nm wavelength per 1
nm change in w and 0.8% variation of dispersion at λ = 900 nm wavelength per 1 nm change
in hf .
3 Kerr-comb generation and dispersive wave engineering
To study Kerr-comb generation, we consider a microring resonator with radius 40 µm formed
based on the waveguide in Fig. 1(a). To calculate the nonlinear signal generation and
evolution in the microring resonator under CW laser pumping, we solve the normalized
Lugiato-Lefever equation (LLE)34,35 using the split-step Fourier method36,37 and consider
exact dispersion of the microring resonator instead of approximating dispersion with limited
polynomial terms. In addition, 620 azimuthal modes of the microring resonator around the
pumping wavelength are considered to ensure accuracy of the results. To ensure wideband
Kerr-comb generation, the input pump power is set at a value higher than the threshold
power (Pth) required for parametric frequency conversion given by38–41
Pth =
κ2n20Veff
8ηcω0n2
, (1)
where κ denotes the cavity decay rate; η is the coupling strength (which is equals to 1
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for critical coupling); n0 and n2 represent linear and nonlinear refractive indices of SiN at
pumping wavelength, respectively; Veff is the effective nonlinear cavity volume; c is the speed
of light in free-space; and ω0 is the cold cavity resonance angular frequency.
Considering critical coupling, loaded quality factor of 105 (which is easily achievable
for the selected microring resonator) and pumping at λ = 900 nm, the threshold power is
calculated to be Pth = 0.15 W. The generalized LLE considering higher-order dispersion
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terms is34,42
dψ
dτ
= − (1 + iα)ψ + (
∑
n=2
(−i)n−1
n!
(
−2Dn
∆ω
)
dnψ
dθn
) + i|ψ|2ψ + F (2)
where ψ is the normalized intracavity electric-field amplitude; α = −2(Ω0 − ω0)/∆ω is
normalized detuning, Ω0 is the angular frequency of the pumping laser, F = (2g0/∆ω0)1/2F ∗0
is the normalized input power with F0 as the amplitude of external excitation; and Dn is the
nth order dispersion parameter in the polynomial (Taylor) expansion of the microring res-
onator dispersion around the pumping frequency; furthermore, θ ∈ [−pi, pi] is the azimuthal
angle, τ = ∆ω0t/2 is rescaled time, and ∆ωtot represents the linewidth of the resonance mode.
The input pumping power for the simulations is set at 451.8 mW (753 mW) corresponding
to F 2 = 3(5).
Figure 2 depicts the result of LLE simulations for the 40 µm radius microring resonator
described earlier with a normalized detuning of α = 3 and normalized power of F 2 = 3
(451.8 mW pump power). Figure 2(a) shows the normalized power spectrum in the resonator
(pumping wavelength 900 nm). Figure 2(a) clearly shows that the designed structure with
the given parameters enables the formation of a single soliton with soliton-induced Cherenkov
radiation (at 741 nm); and the generation of an extended frequency comb with spectrum from
NIR to the visible wavelength range. Optical solitons emit dispersive waves via the procedure
entitled soliton Cherenkov radiation when perturbed by higher order dispersion.32,33,43 In this
procedure, soliton transfers energy to the dispersive wave at the resonance wavelength that is
the wavelength at which Kerr-comb spectrum experiences another peak (i.e., the peak at 741
nm in Fig. 2(a)). To calculate the Cherenkov radiation wavelength, linear dispersion relation
corresponding to Eq. (2) is calculated approximately by substituting ψ = exp(iklinz + imθ)
into the normalized LLE and neglecting the nonlinear terms.43 Soliton with wavenumber
ksol = A
2/2 will be at resonance with the dispersive wave (i.e., soliton-induced Cherenkov
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radiation) when ksol = klin 43 resulting in
A2
2
=
−2Dint
∆ω
− α, (3)
where Dint, shown in Fig. 2(a), is defined as ωµ − ω0 − D1µ =
∑
n=2
Dn
n!
µn. Considering
soliton amplitude in Fig. 2(c) with normalized detuning α = 3, soliton-induced Cherenkov
radiation would satisfy Eq. (3) at λ = 743 nm. The resulting wavelength is in good agreement
with the peak observed (at 741 nm) in Fig. 2(a). The generated Kerr-comb spans from 715
nm to 1070 nm (−70 dB window), which covers from NIR to visible wavelength. This is, to
the best of our knowledge, the first practical demonstration of Kerr-comb generation in thin
SiN in the NIR to visible spectral range. This important property is achieved by engineering
the waveguiding structure that is used to form the microring resonator.
For several applications, it is highly desired to control (e.g., tune) the Cherenkov radiation
peak wavelength. Among the three main factors (i.e., pumping power, pumping wavelength
detuning, and integrated dispersion), engineering the integrated dispersion (Dint) is more
desired for achieving a higher degree of control (e.g., wider tuning), as two other parameters
are mainly adjusted to achieve a solitonic state. Dint can be adjusted by either changing
the dispersion of the original waveguide (that is used to form the resonator)44,45 or by
engineering the mode of the resonator (without changing the original waveguide). The latter
can be readily achieved by using a coupled resonator structure (using the same waveguide)
in which the overall resonant modes (and their dispersion) are highly controlled by the
coupling between the resonators. In contrast to previous reports of Cherenkov radiation
manipulation based on changing the original waveguide profile and material,44,45 we primarily
focus on resonant mode engineering in a coupled resonator structure to engineer the spectral
property of Cherenkov radiation. We believe this approach provides a more practical way
of using Cherenkov radiation for comb generation (among other applications) by enabling
a wider range for controlling Dint at higher speeds and lower powers. Figure 3(a) shows
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the schematic of two coupled racetrack resonators that are coupled to a bus waveguide for
pumping. The use of racetrack resonators enables a simple way of controlling the coupling
between the resonators through changing the flat waveguide regions (with length l1) in Fig.
3(a). The coupling of the two identical resonators results in the splitting of each degenerated
resonant frequency pair into two new (even and odd) eigenmodes with different (i.e., even or
odd) electric field profile symmetries in the two resonators. The shift between the resonance
frequencies of the two split modes is proportional to the coupling strength between the two
resonators. Consequently, by engineering the coupling between the two resonators at different
frequencies (i.e., frequency-dependent coupling), the dispersion of each set of resonant modes
(even or odd modes) can be readily controlled (see Supplementary Information Section 1).
By controlling the coupling between the two racetrack resonators in Fig. 3(a), we can
adjust the soliton-induced Cherenkov radiation wavelength. The integrated dispersion of
the odd resonant eigenmode of the coupled structure and its associated Kerr-comb spectrum
with normalized detuning of α = 3, and normalized power of F 2 = 3 with a fixed coupling
gap (dc = 100 nm) in Fig. 3(a) and ranging coupling length (0 < l1 < 44 µm) are shown
in Figs. 3(b) and 3(c), respectively. Note that while α is the same as that used for the
simulation of the single-resonator structure in Fig. 2, the actual pumping power here is
twice that used in the single-resonator case because of the larger resonator length. Consid-
ering the numerically calculated soliton amplitude, soliton-induced Cherenkov radiation is
expected to happen when the normalized integrated dispersion (2Dint/∆ω) is equal to −6;
which is in good agreement with the radiation peaks represented in Fig. 3(c). Figure 3
clearly demonstrates the possibility of controlling the Cherenkov radiation wavelength over
a reasonably large spectral range by simply changing the coupling length (l1) without mod-
ifying the original waveguide structure or its material.
Another advantage of the coupled resonator structure in Fig. 3 over the single-resonator
structure in Fig. 2 is the 6 dB increase in the Kerr-comb amplitude at Cherenkov radiation
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wavelength (from −36 dB to −30 dB as seen by comparing the corresponding peaks in
Figs. 2(a) and 3(c)). We attribute this to the increased overlap between the fundamental
soliton tail and the Cherenkov radiation43 in the coupled-resonator structure. A minor
contributor to this effect can also be the red shift of the phase-matching wavelength between
the fundamental soliton and the Cherenkov radiation, which increases the available power of
the fundamental soliton at resonance wavelength (i.e., Cherenkov radiation), and thus results
in a higher Cherenkov radiation amplitude. Note that an important precaution in increasing
the Cherenkov radiation amplitude is the possibility of generating multiple solitons. If all
these solitons are phase-matched to the Cherenkov radiations at its peak, they can reduce
the bandwidth of the Cherenkov radiation (and thus the bandwidth of the generated Kerr-
comb) due to phase mismatch at wavelengths away from the peak. A multi-solitonic state
can be avoided by using phase-modulated pumping, which is shown to be able to generate a
single-soliton state due to the introduced force on soliton.46
Generation and spectral distribution of a bright soliton (e.g., for generation of a wideband
Kerr-comb) highly depends on dispersion (i.e., anomalous dispersion is required). Extend-
ing the spectral width of the anomalous dispersion will extend the soliton amplitude in a
larger bandwidth. In this way, if the phase-matching wavelength (which corresponds to the
Cherenkov radiation) is adjacent to the anomalous dispersion, the radiation amplitude will
be enhanced via stronger spectral overlap between the soliton and the Cherenkov radiation.
One approach to generate anomalous dispersion in the coupled resonator structure is to
modulate the group velocity dispersion of the resonator using an asymmetric Mach-Zehnder
Interferometer (MZI) to provide an oscillatory effective coupling between the two resonators
(see Supplementary Information Section 1). This way, anomalous dispersion in spectral re-
gions can be provided in the coupled configuration where the single resonator has normal
dispersion. Another mechanism, which may attribute to a higher Cherenkov radiation am-
plitude, is soliton spectral tunneling that transfers energy from an anomalous dispersion
spectral region to another anomalous dispersion region through a normal dispersion region
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sandwiched between them acting as a barrier.47,48 The newly generated anomalous disper-
sion spectral regions increase the probability of transferring photons in cascaded FWM to
the Cherenkov radiation wavelength through the tunneling effect.47 This approach can be
applied to increase the dispersive wave amplitude and enhance the Kerr-comb power transfer
toward the visible spectrum. Thus, one approach to increase the power transfer to shorter
wavelengths through Cherenkov radiation is the modulation of the dispersion to both: 1)
enhance the soliton spectral power at the Cherenkov radiation wavelength, and 2) introduce
and enhance the tunneling effect. This is achieved in this work by designing a frequency
dependent coupling between the two resonators in a coupled racetrack architecture, where
the coupling has an oscillating characteristic versus the frequency.
Figure 4(a) represents the schematic of a coupled-racetrack resonator, in which the cou-
pling section is in the form of an asymmetric MZI composed of two separate coupling sections
(with lengths l1 and l3) separated with a phase adjusting segment (with length ∆l2). The
effective coupling between the two resonators leads to a sinusoidal perturbation on the over-
all resonator dispersion owing to the spectrally varying phase difference between the two
coupling sections. The generated modulation in the resonator dispersion leads to consecu-
tive spectral variation of dispersion between normal and anomalous dispersions, even in the
frequency range where a single resonator has only normal dispersion.
Figure 4(b) depicts the normalized integrated dispersion of the odd eigenmode of a cou-
pled racetrack resonator (green solid line) with the engineered three-segment MZI coupling
representing the extension of anomalous dispersion regions toward Cherenkov radiation. The
normalized integrated dispersion of the single resonator (dashed red line), and coupled race-
track resonators with straight coupling (dashed-dotted blue line) are depicted to represent
effect of coupled resonators on the integrated dispersion. The Kerr-comb spectrum of the
coupled-resonator structure in Fig. 4(a) is shown in Fig. 4(c), in which the normalized de-
tuning α = 3, normalized power F 2 = 3 , coupling lengths l1 = 19 µm, l2 = 1 µm, ∆l2 = 10
µm, and l3 = 1 µm are assumed. Kerr-comb spectrum of coupled racetracks with straight
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coupling (i.e., l1 = 20 µm), and single ring resonators are shown in Fig. 4(c) for comparison,
where all having the same total length (2pi.40 µm).
Figure 4(c) shows that using the MZI-enhanced coupled racetrack resonators not only
can increase the amplitude of the Cherenkov radiation but also can enhance the bandwidth
of the comb spectrum: the bandwidth at −70 dB window is increased to 0.77 of an octave
and that at −100 dB reaches an octave spanning from 643 nm to 1279 nm.
By relaxing the single-soliton requirement, we have optimized the coupled racetrack struc-
ture to achieve the maximum power transfer to Cherenkov radiation at shorter wavelengths.
In this optimization procedure, we have used an exhaustive search for coupling lengths (i.e.,
l1 and l3) and phase adjustment length (i.e., l2) to find the maximum Cherenkov radiation
peak while the normalized detuning is α = 3, but the normalized power is increased to
study both: 1) possibility of increasing bandwidth of the Kerr-comb associated to the soli-
tonic states at −70 dB window, and 2) increasing Cherenkov radiation. Figure 5 shows the
optimized condition in which comb signals with enhanced Cherenkov radiation peak up to
about −10 dB are achieved (here the structure in Fig. 4(a) with l1 = 18 µm, l2 = 1 µm,
l3 = 1 µm, and phase adjusting segment with length ∆l2 = 11 µm is considered along with
α = 3 and F 2 = 5). Figure 5(a) shows the amplitude of solitons formed in the coupled mi-
croresonators, and Fig. 5(b) represents the temporal evolution of the generated solitons in
the multi-solitonic state inside the coupled microresonators. Both Figs. 5(a) and 5(b) clearly
demonstrate the presence of multiple solitons in contrast to the previous cases (i.e., single
resonator in Fig. 2(a) and coupled resonators in Fig. 3(a)) with a single soliton (see Figs.
2(a) and 3(c), respectively). The comb spectrum shown in Fig. 5(c) clearly demonstrates two
important properties: 1) considerably higher Kerr-comb peak compared to previous cases
(Figs. 2(a) and 3(c)), and 2) considerably higher Kerr-comb bandwidth (at any given min-
imum amplitude) compared to previous cases (Figs. 2(a) and 3(c)). These two advantages
are due to not only the increased pumping power, but also due to the engineered disper-
sion that makes power transfer more efficient to the Cherenkov radiation. The generated
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frequency comb spectrum in Fig. 5(c) clearly represents a modulation in spectral intensity
which attributes to the multi-soliton state, where intensity of the resulting Kerr-comb can
be approximated by I = Is
∑
η exp(i(θ − θη)η), where η is the odd-supermode number and
θη is the relative phase of the ηth soliton. Although this configuration results a multi soliton
state, phase modulation of pumping in the bus waveguide can be used to generate single
soliton.46
During the numerical analysis, we considered an input pump power of 451.8 mW in a
single resonator and 0.9036 W (1.506 W) in the coupled-resonator structure corresponding
to F 2 = 3(5). This power can be reduced by decreasing F and/or increasing the Q of the
resonator. However, decreasing power results in reduction in the spectral peak amplitude
at the Cherenkov radiation wavelength, and thus making the soliton spectrum narrower.
This can be interpreted as a weaker soliton spectral component at the resonance wavelength.
Considering -70 dB window for the Kerr-comb, spectral extension from NIR to the visible
spectrum can be achieved by 150.42 mW for pump power in a single resonator and 300.8 mW
in a coupled resonator structure for F 2 = 2.1 and Q = 1.45×105. This input power results in
-53 dB spectral peak at the resonance wavelength in a single resonator and -35.3 dB and -27
dB in coupled-resonator structures with one-segment coupling and asymmetric MZI coupling,
respectively. This power requirement is easily achievable in practical integrated photonic
structures. Thus, our MZI-based coupled-resonator structure can enable wideband Kerr-
comb in visible-NIR wavelengths. This is to the best of our knowledge, the first presentation
of an integrated photonics structure for visible Kerr-comb generation in a thin SiN waveguide
with such a wide bandwidth operating at reasonable powers.
4 Conclusion
In conclusion, we demonstrated here an over-etched SiN waveguide structure to extend the
anomalous group velocity dispersion into NIR wavelengths. Using this waveguide configura-
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tion, we showed Cherenkov radiation in the visible spectrum, which manifests itself through
a peak in the generated Kerr-comb in the corresponding wavelength. By forming a coupled
resonator structure using this waveguide configuration, this wavelength can be adjusted in
a wide spectral range without changing pumping power, detuning or the waveguide config-
uration. We showed that coupled-racetrack resonators provide another tool for dispersion
engineering through manipulating the eigenfrequencies of the resonant modes in the struc-
ture. Finally, by engineering the coupling spectrum of the coupled-resonator structure, we
demonstrated enhancing the Cherenkov radiation up to −10 dB in a multi-soliton state,
which results in wideband Kerr-comb generation in the visible-NIR wavelengths.
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Figure 1: Dispersion engineering of a thin over-etched SiN waveguide: a) mode profile and
cross section of the over-etched SiN waveguide on SiO2 substrate with air cladding. b)
Effect of width (w) and over-etching depth (hp) on group velocity dispersion (GVD) of the
waveguide in (a). Red and blue curves show the effect of SiO2 pedestal on GVD parameter
for a SiN film with w = 800 nm and w = 1100 nm, respectively. In both cases, symmetric
cladding (SiO2 clad with no over-etching), and different over-etching depths from 0 to 150 nm
in steps of 50 nm are studied. c) GVD parameter for the proposed waveguide configuration
in (a) with different widths and heights of SiN. Green, blue, and red curves are related to
w = 780 nm, w = 800 nm, and w = 820 nm waveguide width. Three SiN thicknesses of
hf = 400 nm, hf = 417 nm, and hf = 430 nm are studied.
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Figure 2: Single soliton and soliton-induced Cherenkov radiation in a SiN microring res-
onator: a) Kerr-comb spectrum of the 40 µm-radius microring resonator formed using the
proposed waveguide geometry. The peak in intensity at λ = 741 nm (deep red color wave-
length) arose as a result of Cherenkov radiation. The pump wavelength is 900 nm, nor-
malized detuning is α = 3, and normalized power is F 2 = 3. The spectral range of the
generated Kerr-comb at −70 dB window (i.e., 715 nm - 1070 nm) is shown by dashed lines.
b) Time evolution of the signal in the microring resonator, which represents the formation
of a soliton. c) Normalized integrated dispersion (2Dint/∆ω) in the 40 µm-radius microring
resonator formed using the proposed waveguide geometry in Fig. 1(a). d) Soliton amplitude
formed in the resonator and its tail, which indicates Cherenkov radiation.
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Figure 3: Adjusting soliton Cherenkov radiation using a coupled-racetrack resonator: a)
schematic of a coupled-resonator structure formed by coupling two identical racetrack res-
onators (based on the proposed waveguide) with the coupling gap of dc = 100 nm and a
coupling length (l1) varying between 0 and 44 µm. b) Normalized integrated dispersion
(2Dint/∆ω) of the odd resonant eigenmode of the coupled-racetrack resonator in (a) for dif-
ferent effective coupling lengths (l1) between resonators, ranging from zero (no coupling, i.e.,
single resonator case, far right) to 44 µm (far left) in steps of 4 µm. c) Generated Kerr-comb
in the coupled-racetrack resonator structures in (a) for different coupling lengths (l1) with
normalized detuning of α = 3 and normalized power of F 2 = 3.
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Figure 4: Coupled racetrack resonators to increase both the dispersive wave amplitude,
and the bandwidth of the generated Kerr-comb: a) schematic of a three-segment coupled
racetrack resonator with coupling lengths l1, l3, and phase adjustment segment with length
∆l2 in one arm. b) Normalized integrated dispersion (2Dint/∆ω), and c) Kerr-comb spectrum
of the three-segment coupled resonator (solid green curve, with lengths l1 = 19 µm, l2 =
1 µm, l3 = 1 µm, and ∆l2 = 10 µm), one segment coupled (dashed red, with coupling
length l1 = 20 µm), and single resonator (Fig. 2(a), dashed-dotted blue). Total length
of all resonators are identical (i.e., 2pi.40 µm). Peak at Cherenkov radiation is increased
for the coupled resonator, due to higher power density of fundamental soliton at resonance
wavelength, when compared with a single resonator.
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Figure 5: Increasing peak associated with Cherenkov radiation in a multi-soliton state inside
the coupled resonator structure in Fig. 4(a) with coupling lengths l1 = 18 µm, l2 = 1
µm, l3 = 1 µm, phase adjusting segment with length ∆l2 = 11 µm, normalized detuning
α = 3 and normalized input power F 2 = 5: a) amplitude of the generated solitons. b)
Time evolution of solitons in the multi-soliton state. c) Generated Kerr-comb in the coupled
racetrack resonator.
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S1 Supporting information
S1.1 Theoretical Framework
In order to calculate eigenfrequencies of two coupled identical resonators, we calculate equiv-
alent coupling between the two resonators. To do so, transfer matrices for each part of the
coupled configuration are written to complete a round-trip At first, the optical wave experi-
ences a coupling whose transfer matrix is
 tm jkm
jkm
∗ tm∗
 = exp(
 −jβ1 −jKm
−jKm −jβ2
 lm), (S1)
where Km is coupling coefficient, β(1,2) are propagation constants of the coupled waveg-
uides on the two sides of the coupled region; tm and km are transmission and coupling
constants; lm is the coupling length between two coupled waveguides. After any coupling
region, there could be a phase change section through which waves at one of the arms expe-
rience more delay due to the longer propagation length. Considering last part as a coupled
section, the overall coupling which relates the input electric-field components (ai, bi) to the
output electric-field components (af , bf ) in the coupling section is
af
bf
 =
 tf jkf
jkf
∗ tf ∗
 ∏
e−jβ1(lm+δlm) 0
0 e−jβ1(lm)

 tf jkf
jkf
∗ tf ∗

ai
bi
 . (S2)
In Eq. S2, all parameters are the same as those named before, and δlm is the length of
the phase adjustment section in the asymmetric MZI. After the coupling section, another
phase delay is experienced to complete a round-trip in each resonator. The resonators are
considered identical; therefore, the overall round-trip length (lt) would be the same for both
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resonators. The transfer matrix in a round-trip is
ai
bi
 =
e−jβ1(lr1) 0
0 e−jβ2(lr2)

af
bf
 , (S3a)
with
lr1 = lt −
∑
lm + δlm, (S3b)
lr2 = lt −
∑
lm (S3c)
Although the derived coupling matrix corresponds to the coupling of two resonators with
an engineered coupling section (i.e., straight coupling or asymmetric MZI), we can assign an
equivalent point coupling matrix by extracting phase delay experienced in each arm of the
coupling section by each waveguide forming the coupled region. The effective point coupling
matrix is  t jk
jk˜ t˜
 =
ejβ1lt 0
0 ejβ2lt

e−jβ1lr1 0
0 e−jβ2lr2

 tf jkf
jkf
∗ tf ∗

∏e−jβ1(lm+δlm) 0
0 e−jβ2lm

 tm jkm
jkm
∗ tm∗

(S4)
Using Eq. S4 for the equivalent coupling matrix between two coupled resonators with the
same equivalent length, the approximate eigenfrequencies associated with the coupled res-
onators are
ω˜ = ω0 ± c
nlt
cos−1(
t+ t˜
2
), (S5)
where ω0 is the cold cavity angular frequency. This equation results in two sets of eigenfre-
quencies corresponding to even and odd eigenmodes in the coupled-resonator structure.
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S1.2 Numerical Simulation
Mode analysis of our proposed waveguiding configuration, (either single-waveguide or the
coupled-waveguide structure) is performed using FEM in the COMSOL Multiphysics envi-
ronment. The dispersion relation for SiN is found by fitting a single-pole sellmeier dispersion
relation
(λ) = inf +
Aλ2
λ2 −B2 − Eλ
2 (S6)
to our experimental data. In Eq. (S6), inf = 1, A = 3.005, B = 0.13624, and E = 0.01892.
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